?: JuP[x]PQ[x]qu whenpez* A qeZ~ A PolyGCD[P[x], Q[Xx], x] #1

Derivation: Algebraic simplification
Rule:lf pez* A qez,letgcd = PolyGCD[P[Xx], Q[X], X],ifgcd # 1, then

~[uP[x]pQ[x]qu — ~[ugcd”*qPolynomialQuotient[P[x], gcd, x]P PolynomialQuotient[Q[x], gcd, x]9dx

Program code:

Int[u_.*P_"p_*Q_"q_,x_Symbol] :=
Module [ {gcd=PolyGCD[P,Q,X]},
Int[u*gch(p+q)*PolynomiaIQuotient[P,gcd,x]Ap*PolynomiaIQuotient[Q,gcd,x]Aq,x] /5
NeQ[gcd,1]] /;
IGtQ[p,0] &% ILtQ[q,0] &% PolyQ[P,x] && PolyQ[Q,X]

Int[u_.*P_%Q_~q_,x_Symbol] :=
Module [ {gcd=PolyGCD[P,Q,X]},
Int[u*gch(q+1)*PolynomiaIQuotient[P,gcd,x]*PolynomiaIQuotient[Q,gcd,x]“q,x] /5
NeQ[gcd,1]] /;
ILtQ[q,0] && PolyQ[P,x] && PolyQ[Q,Xx]



Rules for integrands of the form u (a+b x+c x~2+d x"3)"p

Rules for integrands of the form P[x]P

0: -J-u P[x]Pdx whenp¢Z A P[X] == X" Q[X]

Derivation: Piecewise constant extraction

BaS|S: |f P[x] == XmQ[X], then ©X —P[L]p— —-= @

x"PQ[x]P

Rule:If p¢z A P[x] = x"Q[x], then

P [X] FracPart[p]

J-uP[x]pdlx — J-ux’"pQ[x]pdlx

XM FracPart[p] Q [X] FracPart([p]

Program code:

Int[u_.*xP_"p_.,x_Symbol] :=

With [ {m=MinimumMonomialExponent [P,x] },

PAFracPart[p]/(x" (m«FracPart[p]) *Distrib[1/x*m,P]*FracPart[p])+Int[usx” (msp) +Distrib[1/x*m,P]1*p,x]] /;
FreeQ[p,x] & Not[IntegerQ[p]] && SumQ[P] & EveryQ[Function[BinomialQ[#,x]],P] && Not[PolyQ[P,x,2]]



Rules for integrands of the form u (a+b x+c x~2+d x"3)"p

1. jP[x]pdx when P[x] = P1[x] P2[X] .-

1: JP[xz]pdx when pezZ~ A P[x] == P1[x] P2[X] ---

Derivation: Algebraic simplification
Note: This rule assumes host CAS distributes integer powers over products.
Rule: If pez- A P[x] = P1[x] P2[x] ---, then

JP[xz]p dx — JExpandIntegrand[Pl[xz]p P2[x*]" .-, x] dx

Program code:

Int[P_"p_,x_Symbol] :=
With [ {u=Factor [ReplaceAll[P,x-Sqrt[x]]1]1},
Int [ExpandIntegrand [ReplaceAll [u,x-»>Xx*2]”p,x],X] /;
Not [SumQ [NonfreeFactors[u,x]]]] /;
PolyQ[P,x*2] && ILtQ[p,0]



Rules for integrands of the form u (a+b x+c x~2+d x"3)"p

2: JP[X]"dlx when pezZ~ A P[x] == P1[x] P2[X] ---

Derivation: Algebraic simplification
Note: This rule assumes host CAS distributes integer powers over products.
Rule: If pez- A P[x] = P1[x] P2[x] ---, then

JP[X]”dlx — jPl[x]PPZ[x]"---dlx

Program code:

Int[P_"p_,x_Symbol] :=
With[{u=Factor[P]},
Int [ExpandIntegrand [u~p,x],x] /;
Not [SumQ[NonfreeFactors [u,x]]]] /;
PolyQ[P,x] && ILtQ[p,0]



Rules for integrands of the form u (a+b x+c x~2+d x"3)"p

2: JP[x]pdlx when pezZ A P[x] =P1[x] P2[X] .-

Derivation: Algebraic simplification
Note: This rule assumes host CAS distributes integer powers over products.
Rule: If pez A P[x] == P1[x] P2[x] ---, then

JP[X]”dlx — jPl[x]PPZ[x]"---dlx

Program code:

Int[P_"p_,x_Symbol] :=
With[{u=Factor[P]},
Int[u~p,x] /;
Not [SumQ[NonfreeFactors [u,x]]]] /;
PolyQ[P,x] && IntegerQ[p]



Rules for integrands of the form u (a+b x+c x~2+d x"3)"p

x: JPn[X]ple when Py [X] = Qu1 [X]9 Ry [X]" -+ A P ¢ Z

Derivation: Piecewise constant extraction

.. " Py [x]P ——
Basis: If paix] = Qu (xR [x17 -, then Oy g e =

Rule: If P,[x] = Qu[X]19Rn2[x]" - A p ¢ Z, then

Pn [x]P

JP,,[X]"d]x —

Program code:

(* Int[Pn_”"p_,x_Symbol] :=

With[{u=Factor[Pn]},

Pn~p/DistributeDegree [u,p] »Int [DistributeDegree [u,p],x]| /;
Not [SumQ[ul]] /;
PolyQ[Pn,x] && Not[IntegerQ[p]] =*)

in [X]pq Rn2 [X]pr ‘

JQM [X]P9 Rz [X]P" -or dX



Rules for integrands of the form u (a+b x+c x~2+d x"3)"p

2. jP[x]" dx when pez*

1: J(a+bx+cx2+dx3)pdx when pez*A c2-3bd=:0

Derivation: Integration by substitution

Basis: If c>-3bd = 0,then (a+bx+cx?+dx?)P = Sfl—pSubst[(“‘g‘b2 + CZXB)p, X,

Rule:If pe Z* A c>-3bd = 0, then

1 3ac-b?> <
J(a+bx+cx2+dx3)pdlx — —Subst[J[—+
3P C b

2,3

X

[
] dx, x, —+x]
3d

Program code:

Int[(a_.+b_.*x_+c_.*x_"2+d_.*x_"3)"p_,x_Symbol] :=
1/37p»Subst [Int [Simp[ (3xa*c-b"2) /c+c 2#x"3/b,X]"p,X],X,C/ (3xd) +x]| /;
FreeQ[{a,b,c,d},x] && IGtQ[p,0] &% EqQ[c”2-3xbxd,0]

2: JP [x]Pdx when pez*

Derivation: Algebraic expansion

Rule: If p ez, then

JP[x]”dlx — JExpandToSum[P[x]", x] dx

Program code:

Int[P_"p_,x_Symbol] :=
Int [ExpandToSum[P*p,x],x] /;
PolyQ[P,x] && IGtQ[p,0]



Rules for integrands of the form u (a+b x+c x~2+d x"3)"p

3: JP[X]"dlx whenpez A P[x] = (a+bx+cx?) (d+ex+fx?) .

Derivation: Algebraic expansion

Rule:If pez A P[x] = (a+bx+cx?) (d+ex+fx?) ., then

JP[x]pdx — JExpandIntegrand[P[x]p, x] dx

Program code:

Int[P_"p_,x_Symbol] :=
Int [ExpandIntegrand [P*p,x],x] /;
PolyQ[P,x] && IntegerQ[p] && QuadraticProductQ[Factor[P],x]



Rules for integrands of the form u (a+b x+c x~2+d x"3)"p

4. j(a+bx+cx2+dx3)pdlx
1. J(a+bx+dx3)pdx
1. J(a+bx+dx3)pdx when 4 b3 + 27 a%d =0

1: j(a+bx+dx3)pd1x when 4b% +27a2d=0 A pez

Derivation: Algebraic expansion

Basis: If ab*+27a2d=e,thena + b x + d x3 == 331a2 (3a-bx) (3a+2bx)?

Rule: If ab*+27a%d =0 A p ez, then

1
(a+bx+dx*)?Pdx — (3a-bx)P (3a+2bx) 2Pdx
33p 32p
Program code:
Int[ (a_.+b_.*x_+d_.*x_"3)”p_,x_Symbol] :=
1/ (3~ (3%p) *a” (2xp) ) *Int [ (3*xa-bxXx) *p* (3xa+2xbxx) * (2xp) ,X] /;
FreeQ[{a,b,d},x] &% EqQ[4xb"3+27xa”2xd,0] && IntegerQ[p]
2: J(a+bx+dx3)pdlx when 4b3 +27a%?d==0 A p¢z
Derivation: Piecewise constant extraction
a+bx+d x3)P
abxd)

1ce 3 2 ——
Basis: If 4b%+27a2d = o, then Oy 32 bx)? (32:2bx)2°

Rule: If ab3+27a?d =0 A p ¢z, then



Rules for integrands of the form u (a+b x+c x~2+d x"3)"p

(a+bx+dx3)p

J‘(a+bx+dx3)pd1x—» J(Ba—bx)”(3a+2bx)2”dlx

(3a-bx)P (3a+2bx)?P

Program code:

Int[(a_.+b_.*x_+d_.*x_"3)"p_,x_Symbol] :=
(a+bxx+d*x"3) *p/ ( (3*a-bxXx) *p* (3*xa+2xbxx) * (2xp) ) *Int [ (3*xa-bxXx) *p* (3xa+2xbxx) ~ (2xp) ,X] /;
FreeQ[{a,b,d,p},x] &% EqQ[4xb"3+27xa”2xd,0] && Not[IntegerQ[p]]

2. J(a+bx+dx3)pdx when 4b> +27a%2d#0

1: JXa+bx+dxﬂpdx\Mwn4b3+27azd¢0A pez

Derivation: Algebraic expansion

. 3 3
Basis: If r o (_9ad2+«/?d«/4b3d+z7a2d2)“3,thena +bx+dx3==2d L pxidx3

3pr3 18 d2
ice 2b3d  _pP3 3 __ 1 (18Y3bd _r < bd , 12%/3p2g2 r2 B ( 23bd  _r
Basis: 33 18 d2 +bx+dx® = d2 ( 3r 181/3 +d X> 3 3 r2 * 3.121/3 31/3 p 181/3

Rule: If ab®+2722d 0 Apez,letr (-0ad+ V3 dVabids27a2 )”3,then
j(a+bx+dx3)pdx —

d2P

1 [181/3bd r ]P [bd 121/3 p? ¢2 r2 [21/3bd r
—_— +dx -
3r 181/3

p
— + - x + d? x? dx
31/3 181/3

+
3 3r? 31213

Program code:

Int[(a_.+b_.*x_+d_.*x_"3)"p_,x_Symbol] :=
With [ {r=Rt[-9*a*d*2+Sqrt[3] *d*Sqrt [4xb”3xd+27+a*2xd"2],3]},
1/d” (2%p) *Int [Simp[18"(1/3) *bxd/ (3xr) -r/18” (1/3) +dxXx,x] *p*

Simp[bxd/3+12% (1/3) *b"2xd 2/ (3r"2) +r 2/ (3127 (1/3) ) -dx (2 (1/3) xbxd/ (3~ (1/3) 1) -r/18~ (1/3) ) #x+d"2%x"2,x]1°p,x] ]| /;

FreeQ[{a,b,d},x] &% NeQ[4xb"3+27xa”2xd,0] && IntegerQ[p]

X + d? x?
) )

10



Rules for integrands of the form u (a+b x+c x~2+d x"3)"p 11

2: j(a+bx+dx3)pdx when 4b% +27a2d#0 A p¢z

Derivation: Piecewise constant extraction

Basis: If r» (-9ad?+ V3 dVap dr27a7 @ )”3, then

O ([(a+bxrdx?)® /(B8 - s v dx) P (B4 BUEE 4 s - d (B - ) x+d2x) 7)) o

Rule:If ab®+27a2d 20 Apez,letro (-9ad2+ V3 dVavidr27a & )”3,then

J(a+bx+dx3)pd1x —

- 183 bd r P(bd 12Y3p2d? r2 213 pd r , )P
(a+-bx-+dx )// _ +dx — + + -d - X +d°x .
3r 18'/3 3 3r? 3.12%3 313 pr 183
183 bd r P(bd 12¥3p?2d? r2 23 pd r P
J—- +d — + + - - x+d?x?| dx
3r 181/3 3 3?2 3.12%/3 31/3p 1813

Program code:

Int[ (a_.+b_.*x_+d_.*x_"3)”p_,x_Symbol] :=
With [ {r=Rt[-9*a*d*2+Sqrt[3] xd*Sqrt [4xb"3xd+27xa”2xd"2],3]},
(a+b*x+d*xA3)Ap/
(Simp[18" (1/3) xbxd/ (3*r) -r/18” (1/3) +d*x,X] p*
Simp[bxd/3+12~ (1/3) xb*24d 2/ (3%r"2) +172/ (35127 (1/3) ) -dx (2" (1/3) xbxd/ (3~ (1/3) #r) -r/18~ (1/3) ) #x+d"2xx"2,X] "p) *
Int[Simp[18~ (1/3) xbxd/ (3xr)-r/18~ (1/3) +d*X,X] p*
Simp[bxd/3+127 (1/3) #b"24d 2/ (3%r"2) +r72/ (3%127 (1/3) ) -dx (2" (1/3) xbxd/ (37 (1/3) #r) -r/18~ (1/3) ) #x+d"2%x"2,x]1°p,x]|] /;
FreeQ[{a,b,d,p},x] && NeQ[4xb”3+27xa"2xd,0] && Not[IntegerQ[p]]

2: J(a+bx+cx2+dx3)pdx

Derivation: Integration by substitution

Rule:



Rules for integrands of the form u (a+b x+c x~2+d x"3)"p

2c3-9bcd+27ad*> (c?-3bd)x 5)°

j(a+bx+cx2+dx3)pd1x—>Subst[f - +dx
27 d? 3d

Program code:

Int[P3_~p_,x_Symbol] :=
With[{a=Coeff[P3,x,0],b=Coeff[P3,x,1],c=Coeff[P3,x,2],d=Coeff[P3,X,3]},
Subst [Int[Simp[ (2xc"3-9xbxC#d+27xaxd"2) / (27%d"2) - (c"2-3xbxd) xx/ (3#d) +d*x"3,x] p,X],X,x+c/ (3%d) | /;
NeQ[c,0]] /;

FreeQ[p,x] && PolyQ[P3,x,3]

5. J(a+bx+cx2+dx3+ex4)pdx

b? b b*

1: [(a+bx+cx?*+dx®+ex*)Pdx whenpez A a#@ Ac== Ad=23 Ae=>
a a a’

Derivation: Algebraic simplification

. 2 3 4 5_ 15 5
Basis:lf a0 A c=2 Ad=2 Ae="Y thena+bx+cx?+dx3+ext= 20X
2 35 3
a a a a’ (a-bx)
B 2 3 4
Rule:lf pez na+@ Ac=2 Ad=2 Ae="Y then
a a? a3
1 -bx)P
j(a+bx+cx2+dx3+ex4)Pd1x — —J‘ExpandIntegr‘and[&, x] dx
a3P (a5—b5x5)'p

Program code:

Int[P4_~p_,x_Symbol] :=
With[{a=Coeff[P4,x,0],b=Coeff[P4,x,1],c=Coeff[P4,X,2],d=Coeff[P4,x,3],e=Coeff[P4,x,4]},
1/a” (3xp) *Int [ExpandIntegrand[ (a-bxx)” (-p) / (a*5-b"5%x"5)* (-p) ,x],X] /;

NeQ[a,0] && EqQ[c,b”2/a] && EqQ[d,b”3/a”2] && EqQ[e,b"4/a"3]] /5

FreeQ[p,x] && PolyQ[P4,x,4] &% ILtQ[p,0]

12



Rules for integrands of the form u (a+b x+c x~2+d x"3)"p 13

2: J(a+bx+cx2+dx3+ex4)pdlx when b®-4abc+8a?d=0 A 2pez

Derivation: Integration by substitution
Basis: If b> -4 abc +8a%d == 0, then
(a+bx+cx?+dx®+ex?)? = -16a?

Subst | 5 asx7 | 5aaxed (-3b*+16ab’c-64a’bd+256a%e-32a% (3b%-8ac) x*+256a% x*) )7,
+

X gat ] o (35 %)

Note: The substitution transforms a dense quartic polynomial into a symmetric quartic trinomial over the 4th power of a
linear.

Rule:If b>-4abc+8a%?d =0 A 2p e Z,then

J(a+bx+cx2+dx3+ex4)pdx —

1 a(-3b*+16ab*c-64a*bd+256a*e-32a* (3b’-8ac) x*+256a*x*) )" b 1
-16 a* Subst[J dx, x, — + —]
(b-4ax)? (b-4ax)*? 4a x

Program code:

Int[P4_~p_,x_Symbol] :=
With[{a=Coeff[P4,x,0],b=Coeff[P4,X,1],c=Coeff[P4,X,2],d=Coeff[P4,X,3],e=Coeff[P4,x,4]},
-16xa”2xSubst [
Int[1/ (b-4%a%x) 2% (ax (-3*xb"4+16%xa*xb"2xc-64*xa”2xbxd+256+a”3xe-32xa"2x (3xb”"2-8xa*c) *x*2+256*xa*4xx"4) / (b-4xa*x)*4) *p,x],
X,b/ (4xa) +1/x] /;
NeQ[a,0] && NeQ[b,0] && EqQ[b"3—4*a*b*c+8*a"2*d,0]] /3
FreeQ[p,x] && PolyQ[P4,x,4] &% IntegerQ[2xp] && Not[IGtQ[p,0]]



Rules for integrands of the form u (a+b x+c x~2+d x"3)"p 14

6: J(a+bx2+cx3+dx4+ex6)pdx whenpez A b2 -3ad=0 A b>-27a%e=0

Algebraic expansion

Basis: If b2-3ad=-0 A b®-27a%e == 9, then

a+bx?+cxd+dx*+exb= =2 (3a+3a*2c*3x+bx?) (3a-3 (-1)*3a?2c*3x+bx?) (3a+3 (-1)?2a*3c*3x+bx?)

27 a?

Note: If m;l e Z",thencxm. (a+bx?)"=Th, (a o (-1)<(5) caxs bxz)

Rule:lf peZz A b>-3ad=0 A b3-27a?%e == 0, then
J‘(a+bx2+cx3+dx4+ex6)"dlx—>

1
33P 2P

JExpandIntegr'and[(3a+3a2’3 x+bx®)? (3a-3 (-1)? a2 x+bx?)? (3a+3 (-1)? a2 M x+ bx?)P, x] dx

Program code:

Int[Q6_~p_,x_Symbol] :=
With[{a=Coeff[Q6,x,0],b=Coeff[Q6,X,2],c=Coeff[Q6,X,3],d=Coeff[Q6,X,4],e=Coeff[Q6,X,6]},
1/ (3~ (3xp) *a™ (2xp) ) *Int [ExpandIntegrand [

(3xa+3xRt[a,3]*2xRt[c,3] *x+b*x"2) *p*

(3*a-3x(-1)~(1/3) *Rt[a,3]*2xRt[c,3] *x+b*Xx"2) *p*

(3*xa+3x (-1)"~(2/3) *Rt[a,3]*2xRt[c,3] *x+bxx*2) *p,x],x] /;
EqQ[b~2-3xaxd,0] & EqQ[b"3-27+a"2xe,0]] /;

ILtQ[p,@] && PolyQ[Q6,x,6] && EqQ[Coeff[Q6,Xx,1],0] && EqQ[Coeff[Q6,Xx,5],0] && RationalFunctionQ[u,x]



